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Abstract
Topological groups here are assumed to satisfy the Hausdorff separation property. A topological
group G is totally bounded if it embeds as a (dense) subgroup of a compact groupG; hereG, theWeil
completion of G, is unique in the obvious sense. It is known that every pseudocompact topological
group is totally bounded; and a totally bounded groupG is pseudocompact if and only ifGmeets each
nonempty G-subset of G. A pseudocompact group is said to be r-extremal [resp., s-extremal] if G
admits no strictly ﬁner pseudocompact group topology [resp., G has no proper dense pseudocompact
subgroup]. (Note: r- derives from “reﬁnement”, s- from “subgroup”.)
LetP be the class of non-metrizable, pseudocompactAbelian groups. The authors contribute to the
growing literature (see for example J. Galindo, Sci. Math. Japonicae 55 (2001) 627) supporting the
conjecture that no G ∈ P is either r- nor s-extremal—but that conjecture remains open. Except for
portions of (a), the following are new results concerningG ∈ P proved here. The proofs derive largely
from basic, sometimes subtle, considerations comparing the algebraic structure of G ∈ P with the
algebraic structure of theWeil completionG. (a) IfG is either r- or s-extremal, then r0(G)=c<w(G).
(b) If G is totally disconnected, then G is neither r- nor s-extremal. (c) If G is either torsion-free
or countably compact, then G is not both r- and s-extremal. (d) Not every closed, pseudocompact
subgroupN ofG is s-extremal; ifG itself is either r- or s-extremal then the witnessingNmay be chosen
connected. (e) If in some G ∈ P every closed subgroup in P is r-extremal, then there is connected
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H ∈ P with the same property. (f) If 2 = 21 and every closed subgroup of G is pseudocompact,
then G is not s-extremal.
© 2004 Elsevier B.V. All rights reserved.
MSC: Primary: 54H11; 22A05
1. Introduction and notation
The symbols , , and  denote cardinal numbers, usually inﬁnite, and  is the least
inﬁnite cardinal. For a set S and  a cardinal we write [S] = {A ⊆ S : |A| = }. The
symbols [S] and [S]< are deﬁned analogously.
For X = (X,T) a space and p ∈ X, we writeN(p)= {U ∈T : x ∈ U}. The weight
and density character of X are denoted w(X) and d(X), respectively.
We consider here only topological groups which satisfy the T0 separation property. As is
well known [28, (8.4)], suchgroups are completely regular,Hausdorff spaces (i.e.,Tychonoff
spaces). A topological group G= (G,T) is said to be totally bounded if for ∅ = U ∈T
there is F ∈ [G]< such thatG=FU . It is a theorem ofWeil [36] thatG is totally bounded
(if and) only if G is a dense subgroup of a suitably deﬁned compact group. In this case the
latter group is unique in the obvious sense; it is called the Weil completion of G. In this
paper we use the overline—for two purposes: (1) To denote theWeil completion of a totally
bounded group, and (2) to denote the closure in a compact group of one of its subsets.
This double duty causes no confusion since a subgroup H of a totally bounded group G is
itself totally bounded, and the Weil completion of H is the closure of H in G—in symbols,
H =HG.
In much of this paper we restrict attention to Abelian groups G. The identity of such a
group is denoted 0 or 0G, andG is written additively. The symbols Z,Q,R andT represent
the integers, the rationals, the reals, and the circle, in each case with the usual algebraic
operations and (when we are in topological mode) with the usual topology. The set of
primes is denoted P, for n< the symbol Z(n) denotes the cyclic group of order n, and
when convenient we write Z(n) ⊆ T= (− 12 , 12 ], with addition mod 1. For GAbelian and
n ∈ Z we deﬁne n ∈ Hom(G,G) by n(x) = nx, and we set G[n] := ker(n); for a
subgroup H of G we denote by H , or simply by , the canonical homomorphism H :
GG/H .
A subsetX of anAbelian group is independent if 〈x〉∩〈X\{x}〉={0} for each x ∈ X. Thus
a set X of nontorsion elements is independent if and only if algebraically 〈X〉 =⊕x∈X Zx .
When G is Abelian, the group Hom(G,T) separates points of G [24]. We denote by
S(G) the set of point-separating subgroups of Hom(G,T). For each such subgroup A the
evaluation map eA : G → TA given by (eA(x))h = h(x) ∈ T for x ∈ G, h ∈ A is
an isomorphism from G onto a (totally bounded) subgroup of TA. We denote byTA the
topology induced on G. The following theorem is useful; here as usual for a topological
group G= (G,T) we write
Ĝ=̂(G,T)= {h ∈ Hom(G,T) : h is continuous}.
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Theorem 1.1 (Comfort and Ross [13]). Let G be an Abelian group.
(a) IfA ∈S(G) then (G,TA) is a totally bounded topological group such that ̂(G,TA)=
A and w(G,TA)= w((G,TA))= |A|.
(b) Every totally bounded Hausdorff group topologyT on G has the formT=TA for a
(unique) A ∈S(G)—namely forA=̂(G,T).
It follows from Theorem 1.1(a) that distinct elements of S(G) induce distinct totally
bounded topological group topologies on G. This observation has been exploited and ex-
tended by several workers to investigate the lattice-theoretic properties of the lattice of such
topologies [2,31,32,7,10,19,1].
A space X is said to be pseudocompact if every real-valued continuous function on X is
bounded. The class of pseudocompact spaces was introduced by Hewitt [27], who showed
inter alia that not every pseudocompact Tychonoff space is compact. It is not difﬁcult to see
that every pseudocompact group is totally bounded [14, (1.1)]. The question as to which
totally bounded groups are pseudocompact is well settled by the following result, which
dates from 1966.
Theorem 1.2 (Comfort and Ross [14]). For a totally bounded group G, the following
conditions are equivalent.
(a) G is pseudocompact;
(b) G meets every non-empty G-subset of G;
(c) G= G.
For most purposes, condition 1.2(b) above is easier to work with in the context of topo-
logical groups than is the condition introduced originally by Hewitt. The convenience of
condition 1.2(b) leads us to this notational convention. For a topological spaceX= (X,T),
we write
G(X)= G(X,T) :=
{⋂
n<
Un : Un ∈T
}
.
If a subset A of X meets each non-empty element of G(X,T), we say simply that A is
G-dense in (X,T). By the associated G-topology on X, sometimes called the P-space
modiﬁcation of X, we mean the topology for whichG(X,T) is a base.We will invoke the
following result, well-known and easily proved (see for example [11, (2.4)]), often in later
Sections of this paper. As usual, we say that a space X is a Baire space if no intersection of
countably many dense, open subsets of X is empty.
Theorem 1.3. Let (X,T) be a pseudocompact space. Then X is a Baire space both in the
topologyT and in its G-modiﬁcation.
Together with the uniqueness property of theWeil completion of a totally bounded topo-
logical group, Theorem 1.2 has the following consequence.
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Corollary 1.4 (Comfort and Ross [14]). (a) Let H be a dense subgroup of a topological
group G. Then H is pseudocompact if and only if G is pseudocompact and H is G-dense
in G.
(b) The product of (any set of) pseudocompact groups is pseudocompact.
Given a topological group G, the symbol (G) denotes the set of closed, normal, G-
subgroups of G. It is clear for Abelian (G,T) that if 0 ∈ U = ⋂n Un ∈ G(G) with
Un ∈T then there isN ∈ (G) such thatN ⊆ U . Indeed one may set V0=G and choose
Vn ∈N(0) such that Vn − Vn ⊆ Un⋂Vn−1 for n> 0, and take N :=⋂n Vn.
Theorem 1.5. (a) A topological group G is pseudocompact if and only ifG/H is compact
for each H ∈ (G) [16, (3.3)].
(b) If G is a pseudocompact group andH ∈ (G), then H is pseudocompact [12, (6.2)].
(c) Let G be a topological group with a closed, normal subgroup H such that both H and
G/H are pseudocompact. Then G is pseudocompact [12, (6.3)].
It is noted in [16, (3.1)] that a pseudocompact group (G,T) with {0} ∈ G(G,T)
is necessarily compact metric. A topology U on G containing T satisﬁes G(G,T) ⊆
G(G,U), so if U is a group topology containing T with (G,U) pseudocompact and
metrizable, then both (G,T) and (G,U) are compact metrizable—and hence U =T,
since a continuous bijection between compact Hausdorff spaces is a homeomorphism. This
shows that a pseudocompact metrizable group (G,T) is necessarily r-extremal in the
sense of the deﬁnition given in our Abstract. Such (G,T) is also s-extremal, since any
G-dense subgroup must be compact (and hence equal to G). Thus every pseudocompact
metrizable group is both r- and s-extremal. As with every compact metric space, its weight
is countable. We come, then to the following question, which is the starting point of this
paper.
Question 1.6. Is it true that a pseudocompact group G with w(G)> can be neither
r-extremal nor s-extremal?
As we indicate later, this question has been answered positively in many special cases. In
its full generality, however, it remains unsettled even for Abelian groups, and the following
“weaker” questions assume legitimacy.
Question 1.7. Let G be an Abelian pseudocompact group.
(a) If G is r-extremal, must G be s-extremal?
(b) If G is s-extremal, must G be r-extremal?
(c) Is G r-extremal if and only if G is s-extremal?
Since every pseudocompact topological group is totally bounded, and according to The-
orem 1.1(b) each totally bounded topology T on an Abelian group G has the form TA
for A := ̂(G,T) ∈ S(G), the following (perhaps imperfectly posed) question demands
attention.
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Question 1.8. Let G be an Abelian group. For which A ∈ S(G) is (G,TA) pseudocom-
pact?
The condition that (G,TA) be pseudocompact, equivalently that (G,TA) beG-dense
in its Weil completion (G,TA), is characterized in [12, (6.5)] in terms of the topological
disposition of the group A= ̂(G,TA) within the group Ĝd =Hom(G,T). A more subtle,
parallel result is given in [26, (3.4)]. Notwithstanding these results, we know of no fully
satisfactory answer to Question 1.8 in algebraic terms intrinsic to Hom(G,T). (It is worth
noting that any conditionC on a groupA ∈S(G) equivalent to the condition that (G,TA)
is pseudocompact must be hereditary in the sense that if B ⊆ A ∈ C with B ∈S(G) then
B ∈ C; this is clear since the identity function id : (G,TA)(G,TB) is continuous.)
In any event the condition that a pseudocompact Abelian group (G,T)= (G,TA) not be
r-extremal is evidently equivalent to the condition that there is h ∈ Hom(G,T)\A such
that (G,T〈A∪{h}〉) is pseudocompact. We examine this condition in Section 3.
Remark 1.9. A comprehensive survey of the modern-day “state of the art” concerning the
existence of nonmetrizable pseudocompact r- or s-extremalAbelian groups is given in [25].
The same paper serves as a preliminary announcement of many of the present results; our
proofs, for the most part, appear here for the ﬁrst time.
2. Extremality in (G)
The result of this section is a simple but useful conceptual simpliﬁcation. As with the
(less trivial) Theorem 5.3 below, it remains valid but it conveys no information in the case
w(G) since in that case G and its closed subgroups and its Hausdorff quotients are all
compact metric and hence both r- and s-extremal. We recall from Theorem 1.5(b) that if G
is pseudocompact then each H ∈ (G) is pseudocompact.
Theorem 2.1. Let (G,T) be a pseudocompact group.
(a) If some H ∈ (G) is r-extremal, then G is r-extremal;
(b) if some H ∈ (G) is s-extremal, then G is s-extremal.
Proof. (a) Recall this very general result from [29] or [18] (see also [17, (4.3)] for an
explicit proof): If U ⊇ T are group topologies on a group G, and if there is aT-closed
subgroup H of G such thatT and U agree on H and the quotient topologiesTq and Uq
agree on G/H , thenT = U. In the present case, with r-extremal H chosen so that H ∈
(G,T) ⊆ (G,U) with U pseudocompact, we have (H,T) = (H,U); furthermore
(G/H,Tq)= (G/H,Uq) since both groups are compact metric andUq ⊇Tq .
(b) Let D be a G-dense subgroup of G. From G(H) ⊆ G(G) it follows
that D ∩ H is G-dense in H, so D ∩ H = H since H is s-extremal; thus H ⊆ D.
Each x ∈ D has xH ∈ G(G), so D ∩ xH = ∅ and hence D ⊇ xH . It follows that
D ⊇⋃x∈G xH =G. 
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3. Adjoining a homomorphism
For a subgroup A of a group H (typically with H of the form H = Hom(G,T)) and for
h ∈ H , we denote the subgroup 〈A ∪ {h}〉 of H by the abbreviated symbol A(h).
Theorem 3.1. Let (G,T) be a totally bounded topological group and let h ∈ Hom(G,T).
Then the (totally bounded) group graph(h) is a subgroup of the compact group
(G,T)× h[G], so its Weil completion is graph(h)(G,T)×h[G].
Lemma 3.2. Let (X,A) and (Y,B) be topological spaces and leth : X→Y be a (possibly
discontinuous) function. LetU be the topology on X deﬁned by the requirement that the map
x → (x, h(x)) from (X,U) onto graph(h) ⊆ X× Y is a homeomorphism (when graph(h)
inherits is topology from (X,A)× (Y,B)). LetW be the smallest topology for X such that
W ⊇A and h : (X,W)→ (Y,B) is continuous. ThenU=W.
Proof. The family of all sets of the form
X[−1X (A) ∩ −1Y (B) ∩ graph(h)] = A ∩ h−1(B)
with A ∈A, B ∈ B, is a basis forU and a basis forW. 
Notation 3.3. For G a topological group and h ∈ Hom(G,T), deﬁne S(h) :=⋂{h[U ]T :
U ∈N(0)}.
Lemma 3.4. Let G be a topological group and h ∈ Hom(G,T). Then
(a) S(h) is a closed subgroup of T;
(b) h is continuous if and only if S(h)= {0}; and
(c) if n ∈ Z\{0} then n · S(h) ⊆ S(nh).
Proof. (a) Clearly S(h) is closed. Given s1, s2 ∈ S(h) and U ∈N(0), there is V =−V ∈
N(0) such that V + V ⊆ U . Then
s1 − s2 ∈ h[V ] − h[V ] = h[V ] + h[V ] = h[V ] + h[V ] = h[V + V ] ⊆ h[U ].
It follows that S(h)− S(h) ⊆ S(h), so S(h) is a subgroup of T.
(b) Clearly S(h) = {0T} if h is continuous at 0G. If h is not continuous then h is not
continuous at 0G (cf. [28, (5.40)]), so there is 	> 0 such that the inclusion h[U ] ⊆ (−	, 	)
holds for no U ∈N(0). ThenF := {h[U ]\(−	, 	) : U ∈N(0)} is a family of compact
subsets ofTwith the ﬁnite intersection property, so ∅ =⋂F ⊆ Twith 0T /∈∩F ⊆ S(h);
thus the inclusion {0T} ⊆ S(h) is proper.
(c) n · S(h)= n · ∩{h[U ] : U ∈N(0)}
⊆ ∩ {n · h[U ] : U ∈N(0)} ⊆ ∩{(nh)[U ] : U ∈N(0)} = S(nh). 
Theorem 3.5. Let G be an Abelian group and let A ∈ S(G) and h ∈ Hom(G,T). If
A ∩ 〈h〉 = {0} then graph(h) is dense in (G,TA)× h[G].
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Proof. We must show, given ∅ = U ∈ TA, that h[G] ⊆ h[U ]T. It is enough to treat the
case U ∈ N(0), for if that case is known and ∅ = U ∈ TA is arbitrary then, choosing
y ∈ U , we have U − y ∈N(0) and then
h[G] = h[G] + h(y) ⊆ h[U − y]T + h(y)= h[U ] − h(y)T + h(y)
= h[U ]T − h(y)+ h(y)= h[U ]T.
It sufﬁces therefore to show h[G] ⊆ S(h). If S(h) = T this is clear. Suppose then, using
Lemma 3.4(a), that S(h) = Z(m) ⊆ T. For notational convenience in this case, for 	> 0
we write
N	(S(h))= S(h)+ (−	, 	)= {t + s : t ∈ S(h), |s|< 	}
and we note that for 	> 0 there is V ∈ N(0) such that h[V ] ⊆ N	(S(h)). (The argu-
ment is as in the proof of Lemma 3.4(b): If the inclusion fails then the family F :=
{h[V ]\N	(S(h)) : V ∈ N(0)} has the ﬁnite intersection property and there is t ∈
∩F ⊆ S(h), a contradiction since t /∈ S(h).) We claim now that S(mh) = {0}. To see
this ﬁx 	> 0 and, using the uniform continuity of the map t → mt from T to T, ﬁnd
> 0 such that if s, t ∈ T with |s − t |<  then |ms − mt |< 	. If V ∈ N(0) is cho-
sen so that h[V ] ⊆ N(S(h)) then for x ∈ U ⊆ V with U ∈ N(0) there is t ∈
S(h)=Z(m) such that |h(x)−t |< , and then |(mh)(x)|=|(mh)(x)−mt |< 	; it follows that
S(mh) ⊆ [−	, 	], so S(mh)={0}, as claimed.Thusmh isTA-continuous by Lemma 3.4 and
hence mh ∈ A by Lemma 1.1(a), so mh ∈ A ∩ 〈h〉 = {0}, so h[G] ⊆ Z(m) = S(h), as
required. 
Theorem 3.6. Let (G,TA) be a totally bounded Abelian group and let h ∈ Hom(G,T)
with A ∩ 〈h〉 = {0}. Then these conditions are equivalent.
(i) (G,TA(h)) is pseudocompact.
(ii) (1) (G,TA) is pseudocompact, (2) h[G] is a closed subgroup of T, and (3) ker(h) is
G-dense in (G,TA).
Proof. The continuous image of a pseudocompact space is pseudocompact, so (1) and
(2) of (ii) follow from (i). Thus it sufﬁces to show that, in the presence of (ii)(1) and
(ii)(2), condition (i) is equivalent to (ii)(3). By Lemma 3.2 (with (X,A) = (G,TA) and
Y = (Y,B) = h[G]) the space (G,TA(h)) is homeomorphic to the subspace graph(h)
of (G,TA) × h[G]. Since (G,TA) × h[G] is pseudocompact by Corollary 1.4(b), and
graph(h) is dense in (G,TA) × h[G] by Theorem 3.5, we have: (G,TA(h)) is pseudo-
compact if and only if graph(h) isG-dense in (G,TA)×h[G]. This last condition, which
clearly implies (3), also follows from (3): Given ∅ = U ∈ G(G,T) and t = h(y) ∈ h[G]
with y ∈ G, we have U − y ∈ G(G,T) so by (3) there is z ∈ ker(h) ∩ (U − y); then
x := y + z satisﬁes (x, h(x)) ∈ U × {t}. 
Remarks 3.7. (a) We leave to the interested reader the (not difﬁcult) task of constructing
examples to show that, even in the presence of (ii)(1), neither of the conditions (ii)(2) and
(ii)(3) of Theorem 3.6 implies the other.
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(b) If the hypothesis A ∩ 〈h〉 = {0} is omitted in Theorem 3.6 the implication (i) ⇒
(ii)(3) can fail. (Suppose for example that (i) holds with h /∈A and that 0 = 2h ∈ A,
so there is t ∈ T such that t ∈ (2h)[G]\{0, 12 }. Then (2h)−1({t}) ∈ G(G,TA) and
(2h−1({t})∩ker(h)=∅).) ThuswhenA∩〈h〉={0} fails, the question as to when (G,TA(h))
is pseudocompact requires more careful analysis; the exact statement is given in Theorem
3.10 below. The following theorem, proved in [28, (24.22(ii)]), will be useful now and later.
Theorem 3.8. Let H be a locally compact Abelian group and let 
 ∈ Ĥ and 0<m<.
Then there is  ∈ Ĥ such that 
=m if and only if 
[H [m]] = {0T}.
Lemma 3.9. Let (G,TA) be totally bounded and let h ∈ Hom(G,T)withA∩〈h〉=〈nh〉.
Set K = ker(nh), for f ∈ Hom(G,T) let f ′ = f |K , and set A′ := {f ′ : f ∈ A}. If either
(i) (G,TA(h)) is pseudocompact or
(ii) ker(h) is G-dense in K, then A′ ∩ 〈h′〉 = 〈0′〉.
Proof. If nh = 0Hom(G,T) then K = G and the statement is obvious; we assume in what
follows that n> 0. Suppose that the conclusion fails, choose minimal m> 0 such that
0′ = mh′ ∈ A′, and write n= sm+ r with 0r <m. Then
rh′ = nh′ − smh′ ∈ A′ − A′ = A′, so r = 0 and hence m|n.
(i) If (G,TA(h)) is pseudocompact then the weaker topologies TA and TA(mh) are
both pseudocompact, and since K ∈ (G,TA) ⊆ (G,TA(mh)) the quotient topologies
T
q
A ⊆TqA(mh) onG/K are compactmetric and hence identical. It follows that theTqA(mh)-
continuous function 
 : G/K → T given by 
(x + K) = mh(x) is TqA-continuous,
so mh = 
 ◦  is TA-continuous and hence mh ∈ A by Theorem 1.1(a). From mh ∈
A ∩ 〈h〉 = 〈nh〉 then follows mh′ =mh|K = 0′, as required.
(ii) Fromm|nwe have ker(mh) ⊆ K , so ker(mh)=ker(mh′) and frommh′ ∈ A′ follows
ker(mh) ∈ G(K,TA). Since ker(h) ⊆ ker(mh) ⊆ K , it follows from (ii) that ker(mh) is
G-dense in (K,TA). Thus K = ker(mh) and again mh′ =mh|K = 0′. 
Theorem 3.10. Let (G,TA)bea totally bounded topological groupand leth ∈ Hom(G,T)
with A ∩ 〈h〉 = 〈nh〉. Then these conditions are equivalent.
(i) (G,TA(h)) is pseudocompact.
(ii) (1) (G,TA) is pseudocompact, (2) h[G] is a closed subgroup of T, and (3) ker(h) is
G-dense in (ker(nh),TA).
Proof. We continue with the notation K,h′, A′ of Lemma 3.9, noting from that Lemma
that A′ ∩ 〈h′〉 = {0′}.
(i) ⇒ (ii). Conditions (ii)(1) and (ii)(2) are clear, as in the proof of Theorem 3.6. We
show (ii)(3). SinceK ∈ (G,TA) ⊆ (G,TA(h)), the group (K,TA(h))=(K,TA′(h′)) is
pseudocompact byTheorem1.5(b), so ker(h)=ker(h′) isG-dense in (K,TA′)=(K,TA)
by the implication (i)⇒ (ii) of Theorem 3.6 applied to (K,TA′).
(ii) ⇒ (i). The group (K,TA′) is pseudocompact, h′[K] = h[K] is ﬁnite and hence
closed in T, and ker(h′) is G-dense in (K,TA′). Since A′ ∩ 〈h′〉 = {0′} by Lemma 3.9,
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the group (K,TA′) satisﬁes all hypotheses ofTheorem 3.6(ii) andwe conclude the property
of Theorem 3.6(i), i.e., that (K,TA′(h′))= (K,TA(h)) is pseudocompact. Since K isTA-
closed and henceTA(h)-closed in G, to complete the proof it sufﬁces by Theorem 1.5(c) to
show that (G/K,TqA(h))= (G/K,TqA); for that, according to Theorem 1.1(a), it sufﬁces
to show (G/K,TqA(h))
∧ = (G/K,TqA)∧. Given 
 ∈ (G/K,TqA(h))∧ we have 
 ◦  ∈
(G,TA(h))
∧
, say 
 ◦  = f + mh with f ∈ A, m ∈ Z.Since K ⊆ ker(
 ◦ ) we have
f ′ + mh′ = 0′ and hence mh′ = −f ′ ∈ A′ ∩ 〈h′〉 = {0′}, i.e., K ⊆ ker(mh). Now with
H := h[G] ⊆ Twenote that for y ∈ H [n], say y=h(x)with x ∈ G, we have 0=ny=nh(x)
and hence x ∈ K ⊆ ker(mh). That is, the continuous character m ∈ Ĥ annihilates H [n].
Since H is compact by condition (ii)(2), Theorem 3.8 applies to show that there is  ∈ Ĥ ,
necessarily of the form =k for k ∈ Z, such that m=n=kn ∈ Ĥ . Each x ∈ G then
satisﬁes
mh(x)= m(h(x))= kn(h(x))= knh(x),
so mh = knh ∈ 〈nh〉 ⊆ A. Then 
 ◦  = f + mh ∈ A and 
 ∈ (G/K,TA)∧, as
required. 
Remarks 3.11. (a) The trivial case h ∈ A is allowed inTheorem 3.10. In that case of course
TA(h) =TA is a pseudocompact topology on G, and no matter which n ∈ Z is chosen
such that A∩ 〈h〉 = 〈nh〉 we have h= knh for some k ∈ Z and hence ker(h)= ker(nh); so
condition (ii)(3) holds vacuously in this case.When h /∈A in Theorem 3.10 and (G,TA(h))
is pseudocompact, the inclusion ker(h) ⊆ ker(nh) is necessarily proper. This may be seen
by again applying Theorem 3.8 to the compact group H := h[G] ⊆ T: If ker(h) = K
then the function 1 ∈ Ĥ annihilates H [n], so there is  ∈ Ĥ (say  = k) such that
1 = n= kn; then from
h(x)= 1(x)= kn(h(x))= knh(x)
for all x ∈ G one has the contradiction h= knh ∈ 〈nh〉 ⊆ A.
(b) It is a leimotiv of this work that, although no r- or s-extremal Abelian group of
uncountable weight is known, the two concepts are closely related. Theorem 4.4 below
reﬂects this. In the same spirit we note now that if a (pseudocompact, Abelian) group
G = (G,T) is not r-extremal, then one of its subgroups N ∈ (G) is not s-extremal.
Indeed, choose h ∈ Hom(G,T)\A such that (G,TA(h)) is pseudocompact. If h may be
chosen so thatA∩ 〈h〉= {0} then according to Theorem 3.6 the group (G,TA) is itself not
s-extremal; and in any case if A ∩ 〈h〉 = 〈nh〉 (0<n<) then according to Theorem 3.10
and (a) above the inclusion ker(h) ⊆ ker(nh) is proper, so N := ker(nh) ∈ (G,TA)
is not s-extremal. In Theorem 6.1 below with alternative analysis we show more: Every
pseudocompact Abelian group G, whether or not assumed r-extremal, contains a subgroup
N ∈ (G) such that N is (pseudocompact and is) not s-extremal.
4. Connectivity-divisibility considerations
For ease of reference we ﬁrst list some familiar basic facts.
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Theorem 4.1. (a) A (not necessarily Abelian) compact group is connected if and only if it
is divisible [30].
(b) A compact Abelian group G is divisible if and only if Ĝ is torsion-free (see
[28, (24.25)]).
(c) A compact group with a dense, divisible subgroup is divisible [6, (7.3)].
Theorem 4.2 (Comfort andRobertson [12, (7.5)]). ApseudocompactAbelian torsiongroup
of uncountable weight is neither r- nor s-extremal.
The following result is familiar for compact Abelian groups (cf. [20, (2.3); 9, (4.1)]).
The extension to pseudocompact groups was noted in [6, (2.17)], with a brief indication of
proof. A more comprehensive statement is proved in [21, (2.17 and 3.17)].
Theorem 4.3. Let G be a pseudocompact Abelian group. If r0(G)< c then G is a torsion
group.
Proof. Suppose that G contains (algebraically) a copy Z of Z, and choose N ∈ (G) such
that Z ∩N = {0}. Then N [Z] is also isomorphic to Z, so the compact metric group G/N
satisﬁes 0<r0(G/N)< c. This contradicts the “compact” theorem just cited. 
It is evident that an Abelian group G admits a homomorphism onto a non-degenerate
compact group if and only if either G is non-divisible or r0(G)c. (Indeed G, if non-
divisible, has a ﬁnite quotient, and if there is an independent torsion-freeA ∈ [G]c then any
surjection from A onto T extends to a homomorphism from G onto T; for the converse it is
enough to note that a compact divisible K necessarily satisﬁes r0(K)c.) That observation
assures the applicability of Theorem 4.4(a) in a variety of settings. In contrast, we do not
need or use Theorem 4.4(b) in what follows.We include it here because (a) and (b) together
indicate yet again the close (though enigmatic) relation between r- and s-extremality: 4.4(a)
derives from r-extremality a conclusion involving s-extremality, while 4.4(b) runs in the
reverse direction.
Theorem 4.4. Let G= (G,TA) be a pseudocompact Abelian group.
(a) If G contains a proper, dense pseudocompact subgroupH such thatG/H can bemapped
homomorphically onto some compact non-degenerate group, then G is not r-extremal.
(b) If G is s-extremal and divisible with G[m] dense in G[m] for all m ∈ Z, then G is
r-extremal.
Proof. (a) It follows from the hypothesis that there is h ∈ Hom(G/H,T) such that
h[G/H ] = T or h[G/H ] = Z(n) with 0<n<. The kernel of h ◦ H ∈ Hom(G,T)
contains H and is therefore G-dense in (G,TA), so Theorem 3.6 applies (with h now
replaced by h ◦ H ).
(b) By Theorem 3.6, it is enough to show that if (G,TA(h)) is pseudocompact with
h ∈ Hom(G,T)\A, thenA∩〈h〉={0}. Suppose instead that 0Hom(G,T) = f =nh ∈ A=Ĝ
(so n = 0), and extend f continuously to f ∈ Ĝ. Since f annihilates G[n] its extension
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f annihilates G[n], so by Theorem 3.8 there is  ∈ Ĝ such that f = n. Then with
=|G ∈ Awe have nh=f =n and hence n(h−)=0. SinceG is divisible the group
Hom(G,T) is torsion-free, so h=  and we have the contradiction h ∈ A. 
Theorem 4.5. Let G = (G,TA) be a non-divisible, connected pseudocompact Abelian
group. Then
(a) ([6, (7.1)]) G is not s-extremal; and
(b) G is not r-extremal—indeed there is a (necessarily proper) disconnected pseudocompact
reﬁnementTA(h) ofTA.
Proof. Find p ∈ P such that the inclusion pG ⊆ G is proper, and letH be maximal among
proper subgroups ofG containing pG; thenG/H=Z(p) ⊆ T. SinceG isG-dense inG the
groupH isG-dense inpG=Gand hence in the intermediate groupG. That proves (a) (much
as in [6]), and sinceG/H =Z(p) is non-divisible the ﬁrst part of (b) follows from Theorem
4.4(a). Indeed with h= H : GG/H =Z(p) ⊆ T we note that ph= 0, while ̂(G,TA),
and hence ̂(G,TA), is torsion-free by Theorem 4.1(b); hence A ∩ 〈h〉 = {0}. Theorem 3.6
applies to show that (G,TA(h)) is pseudocompact. According to Lemma 3.2 and Theorem
3.5 the space (G,TA(h)) is (homeomorphic to) a dense subgroup of (G,TA)× Z(p), so
(G,TA(h)) is not connected. 
Remark 4.6. Corollary 4.5(b) corrects the assertion of [10, (6.11)] that a pseudocompact
reﬁnement of a connected pseudocompact Abelian group is necessarily connected. (This
correction is non-vacuous since, as shown by Wilcox [37], there do exist non-divisible
pseudocompact connected Abelian groups. For an example of pre-assigned weight >,
let H be any non-divisible subgroup of T and take
G := {x ∈ T : |{<  : x /∈H }|}.)
See [10] and the associated Erratum for additional facts and references relating to this
phenomenon.
5. Some non-extremal groups
Here we extend the repertoire of Abelian groups known to be neither r-extremal nor
s-extremal.
Lemma 5.1. Let G be a pseudocompact Abelian group and : GH a continuous surjec-
tive homomorphism with continuous extension  : GH . If ker() isG-dense in ker(),
then
(a) [N ] ∈ (H) whenever N ∈ (G), and
(b)  is an open map, when G and H are equipped with their associated G-topologies.
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Proof. It is clear from the paragraph preceding Theorem 1.5 that each U ∈ G(G) is the
union of cosets of elements of (G) (and similarly for H). Thus (b) follows from (a). To
prove (a), let N ∈ (G). Then the closure of N in G, denoted N , satisﬁes N ∈ (G)
(cf. [6, (2.7(c))]) and hence [N ] ∈ (H) [6, (3.2)]; it sufﬁces, then, to prove [N ] =
H ∩ [N ]. The inclusion ⊆ is obvious. If (a)= (b)= y ∈ H with a ∈ G, b ∈ N then
a − b ∈ ker() ∩ (a − N),so there is c ∈ ker() ∩ (a − N), say c = a − x with x ∈ N .
Then x = a − c ∈ G ∩N =N and y = (a)= (a − c)= (x) ∈ [N ]. 
Remark 5.2. The hypothesis in Theorem 5.1 that ker() is G-dense in ker() cannot
be omitted. Let TA(h) be a pseudocompact topology on an Abelian group G properly
containingTA with A∩ 〈h〉= {0}, and let = id : (G,TA(h))(G,TA). Then ker(h) is
open in the G-topology of (G,TA(h)), and if ker(h) contains some N ∈ (G,TA) then
ker(h) is open, hence closed, in theG-topology of (G,TA), so ker(h)=G byTheorem 3.6
and h = 0Hom(G,T) ∈ A. [In this example the homomorphism  : (G,TA(h))(G,TA)
is not a homeomorphism, so | ker()|> 1. Thus ker(), which is {0G}, is not even dense in
ker().]
Theorem 5.3. LetG= (G,TA) be a pseudocompact Abelian group with A ∈S(G), and
let H be a closed, pseudocompact subgroup of G. Then
(a) The canonical homomorphism  : GG/H is open when G and G/H carry the
associated G-topologies;
(b) if G/H is not r-extremal, then G is not r-extremal; and
(c) if G/H is not s-extremal, then G is not s-extremal.
Proof. (a) Being pseudocompact, the group H = ker() is G-dense in H = ker() by
Theorem 1.2. Then Lemma 5.1 applies, with (G,H,) replaced by (G,G/H,).
(b) Write B := ̂(G/H,TqA), so that (G/H,TqA) = (G/H,TB) by Theorem 1.1(b),
and choose f ∈ Hom(G/H,T)\B such that (G/H,TB(f )) is pseudocompact. We set
h := f ◦ , and we consider separately the cases (i) B ∩ 〈f 〉= {0} and (ii) B ∩ 〈f 〉= 〈nf 〉,
0<n<. In case (i) we have ker(f ) is G-dense in (G/H,TB) by Theorem 3.6, and
A ∩ 〈h〉 = {0};and in case (ii) we have ker(f ) is G-dense in (ker(nf ),TB) by Theorem
3.10, and A ∩ 〈h〉 = 〈nh〉. It is easy to check, using part (a) above, that ker(h) is G-
dense in (G,TA) in case (i), and that ker(h) is G-dense in (ker(nh),TA) in case (ii),
soTA(h) is a proper pseudocompact reﬁnement ofTA by Theorem 3.6 (in case (i)) or by
Theorem 3.10 (in case (ii)).
(c) It is immediate from part (a) that if D is a proper,G-dense subgroup of (G/H,TqA)
then −1(D) is a proper, G-dense subgroup of (G,TA). 
Remark 5.4. AlthoughTheorem 5.3 can be useful, in the interest of full disclosurewe point
out a limit to its applicability: A closed subgroup of a pseudocompact Abelian group need
not be pseudocompact [15]. (Indeed, every totally bounded group H is homeomorphic to a
closed subgroup of a pseudocompact group, and G may be chosen Abelian if H is Abelian
[5,34,33]. See also [35] for additional commentary.)
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Lemma 5.5. Let N be a closed subgroup of a pseudocompact group G. Then N ∈ (G) if
and only if w(G/N).
Proof. We have seen that if N ∈ (G) then G/N is compact metric. The converse
holds even without the pseudocompactness hypothesis, since if w(G/N) then {N} ∈
G(G/N) and hence N = −1({N}) ∈ G(G). 
In what follows for G a pseudocompact Abelian group, N ∈ (G) and 0<n<, we
write Nn := clG nN . From nN = nN it follows that Nn = nN ∩G= nN ∩G.
Lemma 5.6. Let G be a pseudocompact Abelian group which is either r-extremal or
s-extremal. If N ∈ (G) and 0<n<, then Nn ∈ (G).
Proof. Again by [6, (2.7(c))] and [6, (3.2)] we have N ∈ (G) and nN = nN ∈ (nG),
so Nn = nN ∩G is a G-set in Gn = nG ∩G; hence w(Gn/Nn)= .
We have as usualG/Gn= (G/Nn)/(Gn/Nn) and w(G/Nn)=w(G/Gn)+w(Gn/Nn),
so by Lemma 5.5 it is enough to show that w(G/Gn) = . If that fails then G/Gn is
a pseudocompact torsion group of uncountable weight, hence by Theorem 4.2 is neither
r- nor s-extremal; Theorem 5.3 then gives the desired contradiction. 
Theorem 5.7. Let G be a pseudocompact Abelian group which is either r-extremal or s-
extremal. Then for every N ∈ (G) there is connected M ∈ (G) such that M ⊆ N .
Proof. Continuing previous notation, deﬁne H := ⋂n Nn ∈ (G) and M := H ∩ G ∈
(G). Since Nn ∩G=Nn ⊆ N we haveM ⊆ N , and from [6, (3.1(c))] follows
M =H =
⋂
n
Nn =
⋂
n
nN =
⋂
n
nN.
The divisibility of H is a special case of the general result that A :=⋂n nK is divisible for
every compactAbelian groupK. (For ﬁxed x ∈ A and 0<m< the family {−1m (x)∩nK}
has the ﬁnite intersection property, so −1m (x)∩A = ∅.) Then H is connected by Theorem
4.1(a), so Theorem 1.2 applies to show that M is connected. 
We say as usual that a space X is zero-dimensional if its topology has a basis of open-
and-closed sets; and X is totally disconnected if each connected A ⊆ X satisﬁes |A|1.
Then Theorem 5.7 has the following consequence.
Corollary 5.8. Let G be a totally disconnected pseudocompact Abelian group with
w(G)>. Then G is neither r-extremal nor s-extremal.
Proof. If the statement fails then (from Theorem 5.7) we have {0G} ∈ G(G), so (as
noted in [16, (3.1)]) {0G} ∈ G(G). Then G is a compact metric group, and w(G) =
w(G). 
Remark 5.9. In proving Theorem 5.7 we used Theorem 4.2. Clearly Corollary 5.8 im-
proves that statement. The improvement has content since there exist totally disconnected
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pseudocompactAbelian groups which are not zero-dimensional. Indeed, every pseudocom-
pactAbelian zero-dimensional groupG has ˇCech-Lebesgue (covering) dimension dim(G)=
dim((G))=0, while according to [6, (7.7)] for all n< there are pseudocompactAbelian
totally disconnected groups G(n) such that dim(G(n))= n.
Theorem 5.10. Let G be a pseudocompact Abelian group such that w(G)>.
(a) If w(G)c, then G is neither r-extremal nor s-extremal.
(b) If r0(G)> c, then G is neither r-extremal nor s-extremal.
Proof. The statements about s-extremality, both proved explicitly in [4], are repeated here
for ease of reference. We prove the r-extremal statements.
(a) Each non-degenerate totally bounded connected group M admits a (continuous) ho-
momorphism onto T, so it follows from Theorem 5.7 above, G being assumed r-extremal,
that each N ∈ (G) satisﬁes r0(N)r0(T) = c. The desired contradiction then derives
from the special case = = c of Theorem 4.5 of [3]; one need verify only that 
and m()(log c) = .
(b) Here we revisit the analysis given in (the proof of) [4, (4.4)]. Let A be a maximal
independent set of nontorsion elements of G (so |A| = r0(G) and 〈A〉 =⊕x∈A Zx), and
writeA=⋃n<An withAn ⊆ An+1 and |An+1\An|=r0(G) for n<. LetHn=〈An〉 and
Hmn = {x ∈ G : mx ∈ Hn} for 0<m<. Then G =
⋃
n<, 0<m<H
m
n , so by Theorem
1.3 some Hmn is not nowhere dense in the P-space modiﬁcation of G. Fix such m, n and
let N be the G-closure of Hmn in G. Since N is then open-and-closed in the G-topology
of G there is M ∈ (G) such that M ⊆ N , so |G/N | |G/M| = c and any choice of a
coset-selection set E ∈ [G] c for G/N makes 〈E〉 +Hmn G-dense in 〈E〉 +N =G and
hence pseudocompact. To show that G is not r-extremal it sufﬁces, according to Theorem
4.4(a) (with 〈E〉+Hmn in the role ofH there) to show that r0(G/(〈E〉+Hmn ))c. (This will
show in addition of course that the inclusion 〈E〉 + Hmn ⊆ G is proper, so the result from
[4, Section 4] thatG is not s-extremal is (re)proved.) For simplicity setX=G/(〈E〉+Hmn ),
Y =G/Hmn , and Z= (〈E〉+Hmn )/Hmn , so thatX=Y/Z. Since r0(Y )= r0(X)+ r0(Z) and
r0(Z) |Z| |〈E〉|c, it sufﬁces to show r0(Y )> c. This is clear sincewithB := An+1\An
we have |B|> c, 〈B〉 =⊕x∈B Zx , and 〈B〉 ∩Hmn = {0}. 
For convenience we recapitulate some of the foregoing results.
Corollary 5.11. Let G be a pseudocompact Abelian group such that w(G)> and G is
either r- or s-extremal. Then (a) r0(G)= c<w(G); (b) G is not totally disconnected; and
(c) if G is connected, then G is divisible.
Proof. That r0(G)c<w(G) is given by Theorem 5.10. If r0(G)< c then G is a torsion
group by Theorem 4.3, and Theorem 4.2 applies. Statements (b) and (c) are Corollary 5.8
and Theorem 4.5, respectively. 
6. Non-symmetric results
Our results to this point have arrived, generally speaking, in parallel pairs. Groups ex-
hibiting extremal behavior have proven elusive, but new theorems not precluding one sort of
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behavior have left open the possibility of the other behavior also. The results of this section,
in contrast, have a more singular, one-sided form.We here dispose of the possibility of one
kind of “hereditary” extremal behavior.
Theorem 6.1. Let G be a pseudocompact Abelian group such that w(G)>. Then there
is N ∈ (G) such that N is not s-extremal.
Proof. We assume thatG itself is s-extremal. Then since eachN ∈ (G) satisﬁes(N) ⊆
(G), we may by Theorem 5.7 and Corollary 5.11 assume thatG is connected and divisible
and satisﬁes c= r0(G)<w(G). We write G algebraically in the formG=Q × T with T
a torsion group, for n< we set Hn := {(q, t) ∈ G : qn = 0}, and we consider two cases.
Case 1: Each Hn is G-open-and-closed. Then there is N ∈ (G) such that N ⊆
∩n Hn = {0} × T , and the torsion group N is as required by Theorems 1.5(b) and 4.2.
Case 2: Case 1 fails. Since |G/Hn| =  and G is a Baire space in its G-topology
(cf. Theorem 1.3), the G-closure of Hn in G is G-open-and-closed. This set contains
some N ∈ (G). Each non-empty G-subset of N meets Hn, so Hn ∩ N is G-dense
in N; the inclusion Hn ∩ N ⊆ N is proper, since otherwise Hn ⊇ N and Hn is G-open-
and-closed. 
Corollary 6.2. Let G be a pseudocompact Abelian group such thatw(G)>. If G is either
r- or s-extremal, then there is a connectedM ∈ (G) such that M is not s-extremal.
Proof. By Theorem 6.1 there is N ∈ (G) such that N is not s-extremal, and by Theorem
5.7 there is connectedM ∈ (N). ThenM is not s-extremal by Theorem 2.1(b) (applied to
(M,N) in place of (N,G)). 
Remark 6.3. It is easy to formulate statements analogous toTheorem 6.1 andCorollary 6.2
concerning r-extremality. Our attempts to prove such statements have been unsuccessful.
Corollary 6.4. If there is a pseudocompact Abelian group with w(G)> such that every
N ∈ (G) is r-extremal, then there is a connected group with the same properties.
Proof. Given G as hypothesized, use Corollary 6.2 to ﬁnd connected M ∈ (G). Since
(M) ⊆ (N), the group M is as required. 
Now we continue with a (new) technique which serves to enhance our repertoire of non-
s-extremal groups. Again, we have not been successful developing an r-extremal analogue.
The ﬁrst lemma is strictly group-theoretic.
Lemma 6.5. Let G be an Abelian group with a subgroup H such that G/H = {x +
H : <} (faithfully indexed) with >. If H has a subgroup D such that r0(H/D)
then for (ﬁxed) x ∈ G\H there is {s : <} ⊆ H such that x + D /∈E := 〈{x + s +
D : <}〉 ⊆ G/D.
Proof. Choose S ∈ [H ] such that {s + D : s ∈ S} is an independent set of nontorsion
elements of H/D. Let <, and suppose that {s : < } have been chosen in S so that
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x+D /∈E< := 〈{s+ x+D : < }〉 ⊆ G/D. (When = 0 this condition is vacuously
satisﬁed.) We claim there is s = s ∈ S such that x +D /∈E := 〈{s + x +D : }〉.
If this fails then for each s ∈ S there are es + D ∈ E< and ns ∈ Z\{0} such that
x +D= (es +D)+ ns(s + x+D). Since |S| = > || · the map S → E<× (Z\{0})
given by s → (es + D, ns) is not injective so there are distinct s, t in S and e ∈ E< and
n = 0 such that
x +D = (e +D)+ n(s + x +D)= (e +D)+ n(t + x +D).
Then ns +D = nt +D, contrary to the independence hypothesis. The recursive deﬁnition
of s ∈ S for all < is complete and {s : <} is as required. 
Theorem 6.6. Let G be a topological Abelian group and H a subgroup of G such that
|G/H |>. If H has a (proper) dense subgroup D such that r0(H/D) |G/H |, then G has
a proper dense subgroup.
Proof. We continue the notation above. Each coset x+ s+D is dense in x+ s+H =
x +H so with D : GG/D we have: −1D (E) is as required. 
Our interest in Theorem 6.6 is, as expected, in the case that the groupG is pseudocompact
and the density conditions refer to the associated G-topologies. Before passing to two
consequences of Theorem 6.6, in Theorems 6.9 and 6.10, we prove a preliminary lemma;
the proof draws liberally from the proof of [6, (4.2)].
Lemma 6.7. Let H be a topological Abelian group such that <w(H)c. If every N ∈
(H) satisﬁes r0(N)c then H has a G-dense subgroup D such that r0(H/D)c.
Proof. Since w(H)c, there is a set {s +N : < c} with each s ∈ H and N ∈ (H)
such that each non-empty G-subset of H contains one of the sets s + N. For < c we
choose an independent setY ∈ [N]c of nontorsion elements; for simplicitywe takeN0=H
and we write Y0 = Y . Our strategy is to ﬁnd a subgroup D of H such that (1) D meets each
s+N and (2) there isX ∈ [Y ]c such thatD∩〈X〉={0}. To begin, let a0=0 ∈ s0+N0 and
choose arbitrary x0 ∈ Y ; then D0 := 〈a0〉 and E0 := 〈x0〉 satisfy D0 ∩ E0 = {0}. Suppose
now that < c and that a ∈ s + N and x ∈ Y have been chosen for all <  such that
D< := 〈{a : < }〉 and E< := 〈{x : < }〉 satisfy D< ∩ E< = {0}.First we ﬁnd
a= s+ y ∈ s+ Y ⊆ s+N such thatD := 〈D< ∪ {a}〉 satisﬁesD ∩E<={0},
then we ﬁnd x ∈ Y\{x : < } such that E := 〈E< ∪ {x}〉 satisﬁes D ∩ E = {0}.
If no such a exists then for each a = s + y ∈ s + Y there are da ∈ D<, na ∈ Z\{0},
and ea ∈ E< such that da + na · a = ea = 0. Since|D< × (Z\{0}) × E<|< c and
|s + Y| = c, the map s + Y → D< × (Z\{0})×E< given by a → (da, na, ea) is not
injective so there are distinct a = s + y ∈ s + Y and b = s + z ∈ s + Y and (d, n, e)
such that d+n(s+y)=d+n(s+z)=e = 0; then ny=nz, contrary to the independence
condition satisﬁed by Y. The existence of a with the required properties is established;
the existence of x is similarly shown. Thus a,D, x and E are deﬁned for all < c and
with D :=⋃<cD and X := {x : < c} it isclear that D and 〈X〉 =⋃<cE satisfy (1)
and (2), so that r0(H/D) |X| = c. 
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Lemma 6.8. Let H be a pseudocompact Abelian group such that w(H)>. If H contains
a dense, ﬁnitely generated subgroup then each N ∈ (H) satisﬁes r0(N)c.
Proof. Each N ∈ (H) is itself pseudocompact by Theorem 1.5(b), so according to
Theorem 4.3 we need only show r0(N)> 0. We assume instead that some N ∈ (H)
is a torsion group. Then, as noted in [12, (7.4)], a routine appeal to the Baire category theo-
rem shows thatN is of bounded order, so there is n> 0 such that nN={0}. SinceN ∈ (H)
(cf. [6, (2.7)]) we have {0}=nN ∈ (nH) by [6, (3.2)], so the compact group nH is metriz-
able and hence nH is metrizable. The topological (torsion) groupH/nH has a dense, ﬁnitely
generated subgroup, which clearly is ﬁnite, so H/nH itself is ﬁnite. Thus nH is open in H
and H is metrizable, contrary to the hypothesis w(H)>. 
Theorem 6.9. Let G be a pseudocompact Abelian group such that w(G)>. If every
closed subgroup of G is pseudocompact and some ﬁnitely generated subgroup of G is
nonmetrizable, then G is not s-extremal.
Proof. If |G|> c the result is given by [4, (4.8)], so we take |G| = c. If G has a ﬁnitely
generated dense subgroup then w(G)c (since G is separable), so Lemmas 6.8 and 6.7
(applied with H =G) give the conclusion. In the other case there is F ∈ [G]< such that
〈F 〉 is nonmetrizable and then H := clG 〈F 〉 satisﬁes |G/H | and hence |G/H | = c.
Since<w(H)=w(〈F 〉) |P(〈F 〉)| = c, eachN ∈ (H) satisﬁes r0(N)= c by Lemma
6.8 so by Lemma 6.7 there is a G-dense subgroup D of H such that r0(H/D)c and
Theorem 6.6 applies. 
Theorem 6.10. Assume Lusin’s hypothesis [2=21 ]. Let G be a pseudocompact Abelian
group such that w(G)>. If every closed subgroup of G is pseudocompact, then G is not
s-extremal.
Proof. Weassume, appealingotherwise to [4, (4.8)] andCorollary 5.11, that c=|G|<w(G).
We assume further, using Theorem 5.7, that there is connected M ∈ (G); from w(G) =
w(M) + w(G/M) then follows c = |M|<w(M). Set H<0 := {0} and ﬁnd x0 ∈ M and

0 ∈ Ĝ such that 
0|H<0 ≡ 0 and 
0(x0) /∈ tor(T). Let <1 and suppose that for < 
groupsH<=〈{x : < }〉, x ∈ M and 
 ∈ Ĝ have been chosen so that 
|H< ≡ 0 and

(x) /∈ tor(T). Since w(H<) |P()|c<w(M) the groupM/clM (H<) is a nonde-
generate connected pseudocompact group and there are x ∈ M\clM(H<) and 
 ∈ Ĝ
such that 
|H< ≡ 0 and 
(x) /∈ tor(T). We set H := clM
⋃
<1 H<, we note that
w(H) = |Ĥ |1> and w(H) |P(⋃<1 H<)|21 = c, and we claim that each
N ∈ (H) satisﬁes r0(N)c. If the conclusion fails then the proof in the ﬁrst paragraph
of Lemma 6.8, repeated verbatim, shows that there is n> 0 such that nH is metrizable. But
|n̂H |> since for < <1 we havenx ∈ H< so 
(nx)=0,while 
(x) /∈ tor(T) so

(nx) = 0. This contradiction establishes the claim, and Lemma 6.7 guarantees that there
is a properG-dense subgroup D of H such that r0(H/D)c. Evidently |G/H | |G| = c,
so the desired conclusion follows from Theorem 6.6. 
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7. Doubly extremal groups
We say for convenience that a pseudocompact group is doubly extremal if it is both r-
and s-extremal. As indicated earlier, we do not know whether there are any nonmetrizable
pseudocompact groups which are r- or s-extremal; nor dowe knowwhether a nonmetrizable
r- or s-extremal group, even if assumed Abelian, must be doubly extremal. In this Section
we develop a narrow set of criteria which a doubly extremal pseudocompact Abelian group
must manage to satisfy. Remark 7.4(b) shows, however, that these criteria are not sufﬁcient
to ensure double extremality.
Recall that for a group G and n< we write
G[n] = ker(n)= {x ∈ G : nx = 0}.
Theorem 7.1. LetG= (G,TA) be a pseudocompact Abelian group such thatw(G)>.
(a) If G[p] is G-dense in G[p] for all p ∈ P, then G is not s-extremal;
(b) if there is p ∈ P such that G[p] is not dense in G[p], then G is not r-extremal.
Proof. (a) If G is s-extremal then, according to Corollary 6.2, some connected N ∈ (G)
is not s-extremal. We consider two cases.
Case 1:N is divisible. SinceN isG-open inG, the usual algebraic splittingG=N×G/N
is also topological when the groups carry their associated G-topologies (with G/N a
discrete group), and ifD ⊆ N is chosen to witness that N is not s-extremal thenD×G/N
proves that G is not s-extremal.
Case 2: Case 1 fails. For p ∈ P we have, again referring to the associated G-topology,
three statements: (i) pN is open in pG (using Lemma 5.1); (ii) pN is dense in pN and hence
in N; and hence (iii) pN is dense and open-and-closed in pG ∩N . In summary we have
pG ∩N = pN for allp ∈ P.
According to Fuchs [24, p. 131], reporting on work of HONDA, such a group N is neat in G;
the condition is equivalent to the condition that N/pN is a direct summand of G/pN for
each p ∈ P. Accordingly, choosing p ∈ P so that pN is a proper subgroup of N, necessarily
G-dense as in Case 1, we have algebraically
G/pN =N/pN + L/pN
for a suitable subgroup L of G; then pN +L=N is a proper,G-dense subgroup of G, as
required.
(b) According to [28, (24.12)] there is 
 ∈ Ĝ such that G[p] ⊆ ker 
 and the in-
clusion G[p] ⊆ ker(
) fails. We write f := 
|G ∈ A and from Theorem 3.8 we ﬁnd
h ∈ Hom(G,T) such that f = ph. It sufﬁces now to prove
(1) h is notTA-continuous, i.e., h /∈A, and
(2) (G,TA(h)) is pseudocompact.
For (1), we show that h is not even G-continuous on G—equivalently, that ker(h) /∈
G(G,TA). Indeed otherwise, being (uniformly) G-continuous on G, h extends to a
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G-continuous h ∈ Hom(G,T), and since 
|G= f =ph=ph|G and G isG-dense inG
we have 
= ph so 
 annihilates G[p], a contradiction.
For (2), we note ﬁrst that if f [G]=T thenh[G]=T, while if |f [G]|< then |h[G]|<;
thus h[G] is compact. Next from ker(h) /∈G(G,TA) and ker(f ) ∈ (G,TA) it follows
that | ker(f )/ ker(h)|=p, so ker(h) is notG-closed and theG-closure of ker(h) is ker(f ).
Finally: since h /∈A while ph = f ∈ A we have A ∩ 〈h〉 = 〈ph〉. Thus conditions (ii) of
Theorem 3.10 all hold, so (2) is proved. 
For clarity, we restate Theorem 7.1 in contrapositive form.
Theorem 7.2. Let G be a pseudocompact Abelian group such thatw(G)>. If G is doubly
extremal then
(i) every group G[p] (p ∈ P) is dense in G[p], and
(ii) some group G[p] (p ∈ P) is not G-dense in G[p].
According to Theorem 1.2, groups G[p] as in Theorem 7.2 which are dense but not
G-dense in G[p] are not pseudocompact. Thus Theorem 7.2 has this consequence.
Corollary 7.3. Let G be a pseudocompact Abelian group such that w(G)>.
(a) If every closed subgroup of G is pseudocompact then G is not doubly extremal;
(b) if G is countably compact or torsion-free, then G is not doubly extremal.
Remarks 7.4. (a) The condition that every closed subgroup of a pseudocompact group G
is pseudocompact, which ﬁgures in Corollary 7.3, is strictly weaker than the condition that
G is countably compact. For an example one may choose any non-metrizable connected
compact Abelian group K and set G := {x ∈ K : 〈x〉 is metrizable}. Such groups G,
introduced and examined in [37], have been studied in detail in [23].
(b) According to results proved or cited above, a non-metrizable doubly extremal pseu-
docompact Abelian group G must satisfy these conditions:
(i) |G| = r0(G)= c;
(ii) w(G)> c;
(iii) some N ∈ (G) is connected;
(iv) either G is not connected or G is divisible; and
(v) some group G[p] (p ∈ P) is dense but not G-dense in G[p].
[In particular, as noted in effect in Corollary 7.3, G is neither torsion-free nor countably
compact, hence is not a normal space in the usual topological sense.]
There do exist pseudocompact Abelian groups with properties (i)–(v) inclusive which
are neither r- nor s-extremal. To see this, ﬁrst let H0 be a G-dense subgroup of T(c
+)
algebraically of the formH0=⊕cQ. (The existence of suchH0 is given in [8, (4.12 and 1.6)]
and [22, (4.4)].) SinceH0 is algebraically a direct summand ofT(c+) and r0(T(c+)/H0)> c,
there is a subgroupH1 ofT(c
+)
, also isomorphic to
⊕
cQ, such thatH0∩H1={0}. Next for
p ∈ P let Hp be a dense, but not G-dense, subgroup of the group T(c+)[p] = (Z(p))(c+)
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such that |Hp|= c. (To ﬁnd this, choose C ∈ [c+], let E be a countable, dense subgroup of
(Z(p))C , and letHp := E×F with F any dense subgroup of (Z(p))c+\C such that |E|=c.)
Now letDp be aminimal divisible extension ofHp inT(c
+) and note thatDp[p]=Hp (since
all subgroups of Dp intersect Hp nontrivially). Finally set G := H0 ⊕ H1 ⊕⊕p∈PDp.
Then G is a divisible, connected group satisfying conditions (i) and (ii) (hence also (iii)
and (iv)).For each p ∈ P the group G[p] = Dp[p] = Hp is dense but not G-dense in
G[p]=(Z(p))(c+), soG also satisﬁes (a very strong version of) condition (v). The inclusion
H ⊆ G is proper, so G is not s-extremal, and from r0(G/H0)= r0(H1)= c= |T| it follows
from Theorem 4.4(a) that G is not r-extremal.
The groups G just deﬁned satisfy (i)–(iii) and (v) and the “divisible” portion of (iv), but
they are connected. For (non-divisible) examples which satisfy (i)–(iii) and (v) and the “not
connected” portion of (iv), it is enough to replace such G byG×Awith A a nondegenerate
ﬁnite Abelian group.
8. Summary and questions
In this concluding section we offer an informal overview of the techniques developed
above, together with comments about what remains to be done. Some of the gross questions
are re-cast in very speciﬁc contexts; this leads naturally to a couple of plausible conjectures.
That the two kinds of extremal behavior studied here are (a) related and (b) different is
made manifest by Theorem 3.10, which indicates that in order to ﬁnd a pseudocompact
reﬁnement for a pseudocompact group topology on anAbelian groupG one must (in effect)
ﬁnd a proper dense subgroup—but perhaps not necessarily ofG itself but of a suitable closed
pseudocompact subgroup of G. This is exploited in Theorem 7.1, where we use both the
algebraic similarities and the algebraic differences betweenG and its (compact) completion
to ﬁnd (a) a dense pseudocompact subgroup ofHwheneverG-dense subgroups of elements
of (G) extend to G-dense subgroups of G and (b) a pseudocompact reﬁnement when
some discontinuous homomorphism h ∈ Hom(G,T) has a continuous power nh. The
proof of Theorem 7.1(a) derives from the very general Theorem 6.1, according to which
for every nonmetrizable pseudocompact Abelian G there is a pseudocompact subgroup
N ∈ (G) with a proper dense pseudocompact subgroup D; but the possibility N/D = 
is not excluded, so the argument contributes nothing to the associated project: to ﬁnd a
pseudocompact reﬁnement of the topology of G. As to the proof in Theorem 7.1 of the
existence of a proper pseudocompact reﬁnement, that furnishes (again, via Theorem 3.10)
a pseudocompact subgroup of G which, being dense in a (closed) subgroup of the form
ker(nh) ⊆ G, is far from being dense in G itself.
The question whether non-metrizable r- or s-extremal groups are necessarily doubly
extremal is accordingly unsolved. The following question, formally weaker than Question
1.6, remains unanswered:
Question 8.1. Do non-metric doubly extremal groups exist? That is: is there a non-metric
pseudocompact Abelian group with neither a proper dense pseudocompact subgroup nor a
proper pseudocompact reﬁnement?
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By way of introduction to Question 8.3 below, which is a more concrete version of
Question 8.1, it is useful to notice that certain compact connected Abelian groups contain
no s-extremal pseudocompact subgroups, while others contain no torsion-free r-extremal
subgroups. Indeed, since Q̂d := Hom(Q,T) is torsion-free while T is not, the following
assertions are immediate from Theorem 7.1:
Corollary 8.2. Let >. Then
(a) no pseudocompact subgroup of Q̂d is s-extremal; and
(b) no torsion-free dense pseudocompact subgroup of T is r-extremal.
This leaves the following concrete version of Question 8.1.
Question 8.3. Is some dense pseudocompact subgroup of T(c+) doubly extremal?
It is a theme of this paper that results on r- and s-extremality occur often in parallel pairs;
speciﬁcally, certain groups which are known to be s-extremal are also (via Theorem 3.6)
necessarily r-extremal. There is however an exceptional case which we have not been able
to clarify:
Question 8.4. Does the topology of a pseudocompact Abelian group (G,T) with |G|> c
always admit a pseudocompact reﬁnement?
Note that by [4] such groups G are never s-extremal.
This relates to Question 1.7, which we rephrase here once again:
Question 8.5. Are r- and s-extremality equivalent properties?
We conclude with a reference to Theorem 6.10. That result opens a path largely ignored
heretofore in this circle of ideas, that of exploiting undecidable set-theoretic assumptions
compatible with ZFC. In our proof of Theorem 6.10 we make strong use of pseudocom-
pactness properties of closed subgroups of G. This assumption may prove ultimately to be
unnecessary, since the principal tool in its proof, Lemma 6.7, is valid for every topological
group. We therefore ask another weakening of Question 1.6:
Question 8.6. Assume Lusin’s hypothesis [2= 21 ]. Does every non-metric pseudocom-
pact Abelian group have a proper dense pseudocompact subgroup?
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